Dirac-Born-Infeld action from spontaneous breakdown of Lorentz symmetry
  in brane-world scenarios by Gliozzi, F.
ar
X
iv
:1
10
3.
53
77
v4
  [
he
p-
th]
  2
5 J
ul 
20
11
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In whatever Lorentz invariant theory, the presence of extended d-dimensional objects inside a
higher dimensional bulk space-time, like for instance D-branes in string theories, induces a spon-
taneous breakdown of the Poincare´ invariance of the bulk; however the effective action describing
these extended objects should still respect this larger invariance through a non-linear realization of
the full symmetry. Here the specific form of such a realization in the presence of an electromagnetic
field is uncovered. The Dirac-Born-Infeld type action for a D-brane turns out to be invariant under
such transformations. Conversely it is explicitly demonstrated in some simple cases that the most
general invariant action, as long as derivatives of the field strength (and second derivatives of the
scalars) can be neglected, is a linear combination of terms of the Dirac-Born-Infeld type with differ-
ent scale parameters. The string result is obtained if one further assumes that the theory depends
upon a single length scale.
PACS numbers: 11.30.Cp, 11.30.Qc, 11.25.Uv
Spontaneously broken symmetry is a central concept of
modern theoretical physics. It plays a major role both in
the physics of phase transitions and critical phenomena
and in the theory of fundamental interactions. When the
broken symmetry is continuous, the resulting massless
Nambu-Goldstone bosons [1, 2] are the natural degrees
of freedom to be taken into account in the low-energy
regime of the theory. For a compact internal symmetry
group G broken to an arbitrary subgroup H there are
dim(G)− dim(H) Goldstone bosons needed to restore in
a non-linear way the invariance of the effective action
under G [3, 4]. Non-linear realizations of G tell us more
about the Goldstone bosons than just they are massless;
they also tightly constrain their interactions. When G is
a group of space-time transformations there is no longer
a one-to-one correspondence between the number of bro-
ken generators and the number of Goldstone bosons, be-
cause only some of them are necessary to build a suitable
non-linear realization of G. A famous example is the de-
scription of a relativistic bosonic string in a Minkowski
space-time of dimension D in the light-cone gauge [5],
where a non-linear realization of the full D-dimensional
Poincare´ group is given in terms of the D-2 transverse
coordinates X⊥ of the string, which are the Goldstone
modes associated with the spontaneously broken trans-
lational invariance in the transverse directions. A simi-
lar realization in the static gauge has been recently used
[6, 7] to show, generalizing earlier ideas of Ref. [8], that
the most general Lorentz-invariant string action written
in terms of theX⊥’s is the Nambu-Goto action [5], as long
as the second derivatives of the X⊥’s can be neglected.
The main purpose of this note is to enlarge this kind of
analysis to a more general d-dimensional extended object
characterized by the presence of a Maxwell field.
More precisely we assume that there is a Poncare´-
invariant theory in a D-dimensional Minkowski space-
time admitting a stable solution with a d-dimensional
extended object. Its position may be given by the co-
ordinates xµ with µ = 0, 1 . . . , D − 1, where xa (a =
0, . . . , d − 1) are the internal coordinates, while the re-
maining transverse coordinates are functions of the po-
sition on the world-volume: xi = Xi(x0, x1, . . . , xd−1)
with i = d, d + 1, . . . , D − 1. They describe the embed-
ding of the extended object in the space-time. Clearly
this solution spontaneously breaks the transverse trans-
lational invariance along the i directions as well as the
Lorentz invariance SO(1, D − 1) of the bulk space-time,
which is broken to SO(1, d − 1) × SO(D − d), whereas
the action describing the full theory is kept untouched,
of course. Thus, integrating out the heavy modes of the
theory leaves an effective d-dimensional action for the
massless modes which should be invariant under the full
SO(1, D−1) Lorentz group. We assume that the massless
modes propagating through the extended object are the
D − d transverse scalar fields Xi describing the fluctua-
tions of the extended object (the Goldstone modes), and
a d-dimensional gauge field Aa. Since these fields form
incomplete multiplets of SO(1, D− 1), they are forced to
transform non-linearly under it.
How do these fields transform ? So far, an answer has
been found only for the Xi’s. Consider an infinitesimal
SO(1, D− 1) transformation of parameter ǫ in the plane
(b i), with 0 < b < d ≤ i < D. We have [5–7]
δbiǫ Xµ = ǫ
(
δbµXi − δiµxb −Xi ∂Xµ
∂xb
)
. (1)
If b is a temporal index, i.e. b = 0, it suffices to change
the sign of the second term of the above expression. To
simplify the notation we will consider only transforma-
tions involving spatial indices. The recipe to write down
Eq.(1) is very simple: the standard linear transforma-
tion which mixes coordinates and fields is followed by
2a reparametrization by which the new observer adjusts
the description to his own world-volume frame. Here
the non-linearity is trivially due to a particular choice of
parametrization of the world-volume; other more sym-
metric choices are possible where the whole Lorentz
group is linearly realized [5].
What would seem to be a much more difficult issue is
the way of transforming of the gauge field, owing to the
fact that this problem is presumably unrelated to the
way of parameterizing the extended object. Actually it
appears to be no specific guiding principle, nevertheless
a trial and error method produced a surprisingly simple
solution
δbiǫ Aa = −ǫ
(
Ab
∂Xi
∂xa
+Xi
∂Aa
∂xb
)
. (2)
The joint transformations (1) and (2) generate a non-
linear realization of the whole SO(1, D − 1) group. It
reduces to a linear representation of the unbroken sub-
group SO(1, d − 1) × SO(D − d) according to the sym-
metry breaking pattern. In particular the commutator
[δciη , δ
bi
ǫ ] ≡ δciη δbiǫ −δbiǫ δciη , after several remarkable cancel-
lations, becomes, as expected,
[δciη , δ
bi
ǫ ]Aa = ǫη
(
xc
∂Aa
∂xb
− xb ∂Aa
∂xc
+ΣcbaeA
e
)
, (3)
with Σcbae = δacδbe − δabδce. Similarly
(δb jη δ
b i
ǫ − δb iǫ δb jη )Aa = 0 . (4)
In Eq. (3) and in the following it is implied that a sum-
mation has to be performed over any symbol appearing
once as an upper and once as a lower index.
Incidentally, we note that the proposed set of trans-
formation rules for the gauge field is compatible with
gauge invariance, in the sense that if Aa is a pure gauge,
i.e. Aa =
∂Φ
∂xa
, so also is the transformed Aa → A′a =
Aa + δ
bi
ǫ Aa, with a transformed function Φ
′ = Φ + δbiǫ Φ,
where
δbiǫ Φ = −ǫXi
∂Φ
∂xb
. (5)
Clearly this equation also provides the transformation
law of a scalar field propagating in the extended object.
An important consequence of Eq.(2) is that the way
of transforming of the field strength Fab =
∂Aa
∂xb
− ∂Ab
∂xa
,
namely
δciǫ Fab = −ǫ
(
∂Xi
∂xa
Fcb +
∂Xi
∂xb
Fac +Xi
∂
∂xc
Fab
)
, (6)
is exactly the same as that of the induced metric gab, i.e.
δciǫ gab = −ǫ
(
∂Xi
∂xa
gcb +
∂Xi
∂xb
gac +Xi
∂
∂xc
gab
)
, (7)
with
gab =
∂Xµ
∂xa
∂Xµ
∂xb
≡ ηa b + ∂X
i
∂xa
∂Xi
∂xb
= ηab + hab , (8)
where ηab is the diagonal Minkowski metric with 1 =
−η00 = ηaa (a = 1, . . . , d − 1). It follows that one can
take arbitrary linear combinations of Fab and gab without
altering their covariance properties under SO(1, D − 1).
This will play a crucial role in the following. Our conven-
tions are such that both the gauge fields and the scalars
Xi have the dimensions of length, hence both gab and Fab
are dimensionless quantities.
Gauge and SO(D− d) invariance imply that the effec-
tive Lagrangian density Ld,D of the extended object is
a function of Fab and hab as well as of their derivatives,
however we assume that the latter can be neglected, as
customary in string calculations on this subject [9, 10].
Thus the problem we have to solve reduces to find the
most general effective action
S = Td
∫
ddxLd,D(F, h) , (9)
such that δbiǫ S = 0. Td is a parameter with the dimen-
sion of length−d which is called brane tension in string
theory. It is further assumed that Ld,D can be Taylor-
expanded in its arguments and that the integration do-
main is the whole d-dimensional Minkowski space, so we
will not have to consider boundary terms.
Although a general proof is still lacking, we shall
find considerable circumstantial evidence supporting the
claim that the most general effective action fulfilling the
above constraints is a linear combination of actions of
Dirac-Born-Infeld type.
More precisely, we will show that i) the first few
terms of the Taylor expansion of Ld,D are uniquely de-
termined by the requirement of Lorentz invariance gen-
erated by the non-linear transformations (1) and (2); ii)
these transformations generate a set of recurrence rela-
tions for the Taylor coefficients that we solve explicitly
in the case of a three-dimensional extended object em-
bedded in a four-dimensional Minkowski space-time. We
also solve the recurrence relations relative to the Xi field
for any d-dimensional extended object embedded in a
(d+1)-dimensional space-time; the corresponding Taylor
series can be written in a closed form and gives the de-
sired result; iii) finally we shall prove explicitly that the
general Dirac-Born-Infeld action in any dimension is in-
variant under (1) and (2).
The first two points are a direct consequence of the
way of transforming of the quantity hab defined in Eq.(8).
Actually, at variance with the transformation law of gab,
which is homogeneous, hab contributes with an inhomo-
geneous term which lowers the degree of the powers of h.
If we use the short-hand notation δciǫ gab = A[
ci
ǫ ]
ef
ab gef for
3the homogeneous transformation (7), we have
δciǫ hab = A[
ci
ǫ ]
ef
ab hef − ǫ
(
∂Xi
∂xb
δac +
∂Xi
∂xa
δcb
)
. (10)
In the Taylor expansion of Ld,D, the 0-order terms in F
are
L(0)d,D = −
1
2
trh+ α1(tr h)
2 + α2tr h
2 +O(h3) , (11)
where
tr hn = ηa1b1ηa2b2 . . . ηanbnhbna1hb1a2 . . . hbn−1an . (12)
Eq.(10) yields, up to O(h2) terms and a total derivative,
δbiǫ L(0)d,D/ǫ = −
8α1 + 1
2
∂Xi
∂xb
tr h− (4α2− 1)hab
∂Xi
∂xa
. (13)
Demanding this result to vanish fixes the values of α1
and α2, as first observed in [7]. Similarly, the first con-
tributions of the Maxwell field are
L(2)d,D =
1
4
trF 2+β1trF
2tr h+ β2tr (hF
2) +O(h2). (14)
They give, up to O(h) terms,
δbiǫ
L(2)d,D
ǫ
= (2β2 + 1)
∂Xi
∂xc
FbeF
ce − 8β1 − 1
4
∂Xi
∂xb
trF 2.
(15)
Again, demanding this result to vanish now fixes the co-
efficients β1 and β2.
It is almost evident that one can enlarge this analysis
to the whole Taylor expansion in h. The most general
invariant term contributing to the nth order terms of L(0)d,D
can be written in the form of a multi-trace
(tr h)n1(tr h2)n2 . . . (tr hd)nd ,
d∑
k=1
k nk = n . (16)
In the general case the explicit form of the recurrence
relations is rather involved, but when the dimension D of
space-time is D = d + 1 it simplifies dramatically. In this
case we have tr hk = (tr h)k for any integer k, so Eq. (11)
and the consequent recurrence relations become simply
L(0)d,d+1 =
∞∑
k=0
ck(tr h)
k ; k ck + (k − 3
2
) ck−1 = 0 . (17)
The solution with initial condition c1 = − 12 is the bino-
mial ck = −
(
1
2
k
)
, therefore we obtain, as expected,
L(0)d,d+1 = −
√
1 + trh = −
√
− det (ηab + hab) . (18)
Switching on the gauge field introduces in the Lagrangian
density Ld,D several independent single-trace mixed in-
variants of the form
tr (Fm1hn1Fm2hn2 . . .) ; (19)
when D = d + 1 they split into multi-trace terms of the
kind
tr (Fm1h)tr (Fm2h)tr (hn1−1)tr (hn2−1) . . . . (20)
To make the calculation explicit and simple, we specialize
now to the case d = 3 and D = 4. In this case we can
expand the most general Lagrangian density in terms of
only three invariants
L3,4 =
∞∑
n=0
∞∑
p=0
∞∑
q=0
cn,p,q(tr h)
n(trF 2)p(tr hF 2)q . (21)
Lorentz invariance of the action with respect to the joint
transformations (6) and (10) dictates the form of the re-
currence relations among the cn,p,q’s. We find
n cn,p,q + (q + n− 3
2
) cn−1,p,q = 0 , (22)
and
2p cn,p,q−1 + q cn−1,p−1,q + q cn,p−1,q = 0 . (23)
The general solution of (22) is
cn,p,q =
(
1
2 − q
n
)
ψ(p, q) , (24)
where ψ is arbitrary. We can go one further step by
inserting this expression in the second set of recurrence
relations. It gives
cn,p,q =
−8−p
1− 2p
(
1
2 − q
n
)(
1
2 − p
q
)(
2p
p
)
φ(p+q). (25)
The arbitrary function φ fixes the relative scale of the
different powers of F in the action. If we choose φ(p +
q) = λp+q the Taylor expansion (21) can be resummed,
yielding
L3,4 = −
√
(1 + tr h)
(
1− λtrF
2
2
)
+ λ
tr (hF 2)
2
, (26)
which can be easily rewritten in the Dirac-Born-Infeld
form
Ld,D,λ = −
√
− det (gab + λFab) . (27)
The most general solution of the above recurrence rela-
tions reads
L3,4 =
∑
k
ckL3,4,λk ;
∑
k
ck = 1 . (28)
where the arbitrary parameters λk reconstruct the func-
tion φ(p+ q).
We are now in a position to provide a simple proof
of the invariance of the Dirac-Born-Infeld action S =
Td
∫
ddxLd,D,λ in its full generality, with no restrictions
4on the space-time dimensions d < D. Let f(e) be an
arbitrary function of the two-index tensor
eab = gab + λFab . (29)
The joint transformations (6) and (7) give
δciǫ f(e) = −ǫΛac
∂Xi
∂xa
− ǫXi d
dxc
f(e) , (30)
with
Λac =
∂f
∂ea′b
ecb′η
bb′ηa
′a +
∂f
∂eba′
eb′cη
bb′ηa
′a . (31)
If f(e) is chosen in such a way that the d-dimensional
gradient ∂Xi
∂xa
is an eigenvector of Λ corresponding to
the eigenvalue f(e), then (30) becomes a total deriva-
tive. This is precisely what happens if we set f(e) =√
− det(eab). In fact, putting δeab = ecb ∂Xi∂xa + eac
∂Xi
∂xb
,
standard manipulations of the determinant yield
δ det(e) = det(e)ebaδeab = 2det(e)
∂Xi
∂xc
, (32)
where eab is the matrix inverse of eab with e
ab′eb′c =
eb
′aecb′ = δ
a
c . Eq. (32) tells us that the Λ associated
with det(e) has eigenvalue 2 det(e), so we have at once
δciǫ Ld,D,λ = ǫ
∂
∂xc
(
Xi
√
− det(gab + λFab)
)
, (33)
which is our concluding result. It states that the
Dirac-Born-Infeld type action Td
∫
ddxLd,D,λ in arbitrary
space-time dimensions is invariant with respect to the in-
finitesimal non-linear transformations (6) and (7) gener-
ating the Lorentz group of a higher dimensional space.
One may ask why the simple and general invariance
of the Dirac-Born-Infeld action we described in this note
has apparently not been noticed before. A possible an-
swer is that it has not been realized, so far, that in the
spontaneous breakdown of the Lorentz symmetry of the
bulk space associated with brane formation not only the
Goldstone modes but all the massless degrees of freedom
propagating in the brane should transform non-linearly
under the full Lorentz group. In the string approach to
D-brane action [9, 10] there is another massless bosonic
field which has to be considered, an antisymmetric tensor
Bab that, by consistency, should transform non-linearly
like gab and Fab. It would be interesting to try to extend
our considerations to the case of N coincident D-branes,
where the world-volume theory involves a U(N) gauge
theory [11, 12]. It would be also very interesting if one
could say something about couplings that involve deriva-
tives of the field strength and the second derivative of the
scalars, generalizing the analysis of Ref. [7].
It is important to point out that the string derivations
of the Dirac-Born-Infeld action and its generalizations
make use of quantum properties of the underlying string
theory, e. g. the vanishing of the open string β-functions
[10] or T-duality arguments [12], whereas in the present
approach we considered only symmetry properties of the
classical action. At the quantum level the non-linear
generators of the full Lorentz invariance are presumably
anomalous. For instance in the Nambu-Goto string in the
light-cone gauge as well as in the static gauge the trans-
formation (1) of the Xi’s is anomalous unless D=26 [5].
In the superstring approach, one would presumably find
similar Lorentz anomalies unless all the massless bosonic
and fermionic degrees of freedom of the spectrum [13]
are taken into account and D is set to its critical value.
In this case there is strong evidence that the effective
four-dimensional action of noncommutative gauge the-
ory - used to describe D-branes with B-field background
- does indeed enjoy the full SO(1, 9) symmetry [14].
The idea of this work originated during the workshop
“Confining flux tubes and strings” held in ECT*, Trento
5-9 July 2010. The author would like to thank the or-
ganizers and all the participants for fruitful, stimulating
discussions.
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